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Abstract

In this companion paper of a two-paper set of thermocapillary pumping studies, a heat transfer formulation is developed with thermal
convection in the microchannel and heat conduction in the substrate. Unlike past studies based on a uniform pressure along the droplet/
air interface, this article incorporates a more realistic interfacial pressure/velocity coupling to better predict temperature variations along
the moving boundary. This improves predictions of thermocapillary forces at the interface, which drive the droplet motion within the
microchannel. Close agreement between approximate and numerical predictions of droplet temperature and displacement provide useful
validation of the models.
� 2007 Elsevier Ltd. All rights reserved.
1. Introduction

MEMS and nanotechnology have enormous potential
for the development of novel materials, devices and sys-
tems through control of matter at the micro or nanometer
length scale (1–100 nm). Theses technologies exploit novel
phenomena and properties (chemical, biological, mechani-
cal, electrical and so forth) at very small length scales. For
comparison purposes, 1 nm is about 10,000 times smaller
than the diameter of a human hair. The fabrication of
novel micro and nano-devices is rapidly gaining worldwide
attention, due to its promising potential in various techno-
logical applications. The opportunity of fabricating ultra-
small structures opens a wide range of potential commercial
applications. Experts at the US National Science Founda-
tion have suggested that the value of the worldwide com-
mercial market for nanotechnology products may reach
$1 trillion or higher between 2010 and 2015. Many finan-
cial investors from around the world expect that MEMS
and nanotechnology will become an important contributor
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to the world economy. A large nanotechnology R&D
infrastructure is currently established at many universities
and research institutes around the world, but the commer-
cial markets will likely become much larger in the near
future.

Micro-electromechanical systems (MEMS) refer to the
integration of mechanical components, electronics, sensors
and actuators into a common device at the micrometer
scale. Although MEMS involves devices and systems that
are one thousand times larger than nanotechnology, they
offer promising alternatives to conventional technologies.
MEMS technology has contributed significantly in applica-
tions to sensors, computer peripherals, actuators and
various others. Some specific examples of innovative
micro-devices are accelerometers for automobile airbags,
keyless entry systems, dense arrays of optical mirrors for
high-definition optical displays and scanning electron
microscope tips to visualize single atoms. MEMS have also
been applied in biomedical applications, such as microsys-
tems for separating biological cells, blood analyzers and
pressure transducers for catheters. Micro-heat exchangers
have been developed for convective cooling of microelec-
tronic circuits [1,2]. Effective microscale heat and fluid

mailto:greg.naterer@voit.ca


Nomenclature

A interfacial area (m2)
cp specific heat (J/kg K)
h convection coefficient (W/m2 K)
k thermal conductivity (W/m K)
P pressure (Pa)
q00 heat flux (W/m2)
S source term
t time (s)
T temperature (K)
u, v x and y-velocity components (m/s)
V volume (m3)
x, y Cartesian coordinates (m)

Greek symbols

a thermal diffusivity (m2/s)
l dynamic viscosity (kg/ms)
q density (kg/m3)

Subscripts

a air
CV control volume
d droplet
e, w east, west integration points
E, W, P east, west, central nodal points
i initial
L, R left edge, right edge
s supply
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exchange are key enabling technologies for micro-heat
engines [3], micro-valves [4] and micro-spacecraft [5]. Sur-
face micro-patterning with EBSM (entropy based surface
micro-profiling; [6]) enables flow control in convective heat
transfer problems, while simultaneously reducing entropy
production through slip-flow drag reduction of open
microchannel networks embedded within the surface.

Electro-osmosis (electrically driven flow) is a common
method of transporting fluids through microdevices and
microchannels. An externally applied electric field produces
a net force on the fluid [7]. The electric field can be manip-
ulated along the walls of a microchannel to control the
speed and direction of fluid motion. The charged surface
attracts ions of the opposite charge in the surrounding
fluid, thereby leading to an electric double layer (EDL)
near the wall [8]. Axial variations in cross-sectional proper-
ties of the microchannel can produce a secondary flow,
which limits the rate of electrophoretic separation [9]. Elec-
trokinetic transport through microchannels has been
studied numerically by Glockner and Naterer [10]. Electro-
magnetic forces contribute to entropy production within
the microchannel [11], which limits operating performance
by dissipating kinetic energy to internal energy [12,13].

Unlike electro-osmosis, electrocapillary transport uses
an electrical potential gradient between two immiscible
conducting fluids to generate a spatial change of surface
tension. The resulting fluid motion is called continuous
electrowetting (CEW). Lee and Kim [14] have studied
CEW control with a micro-droplet of liquid metal in a cir-
cular microchannel. Using an applied voltage of 2.8 V and
a micromotor, the authors reported that liquid metal drop-
lets can be transported along a microchannel loop in an
electrolyte. Difficulties involving material compatibility,
electrode polarization and electrolysis were documented
by the authors.
Yun et al. [15] studied droplet motion through a micro-
channel on a glass wafer, which was filled with an electro-
lyte containing the droplet. The moving droplet drags the
electrolyte, thereby deflecting a membrane on a second
adjoining silicon wafer. Inlet and outlet chambers on
another silicon wafer were connected with a tube to com-
plete the micro-pump loop. The configuration allowed a
maximum pump pressure of 800 Pa, with an applied volt-
age of 2.3 V at an operating frequency of 25 Hz and power
consumption of 170 W.

Unlike the previous methods of flow control in micro-
channels, thermocapillary pumping takes advantage of
thermocapillary forces, which arise when variations of sur-
face tension and differences between contact angles at both
ends of a droplet or liquid film contribute to an effective
pressure difference across the liquid. Thermocapillary
pumping (TCP) was discussed in the previous companion
paper. The purpose of this paper is to develop a new under-
standing of heat transfer near the droplet/air interface of
droplets pumped by thermocapillarity in microchannels.
The thermal conductivity and substrate thickness affect
the rate of thermocapillary heat transfer in microchannels.
Sammarco and Burns [16,17] investigated droplet interface
temperatures at droplet velocities below about 1 mm/s for
pumping of a water droplet on a silica substrate material.
This article studies a similar process, but instead for a
closed-end microchannel, with a non-uniform droplet/air
interface pressure and stationary (rather than moving) heat
source.

Ghiaasiaan and Chedester [18,19] reported that thermo-
capillary forces suppress microbubbles forming in wall cav-
ities of microchannels. The authors suggested that
incipience in microchannels can be effectively controlled
by thermocapillary action. The onset of significant void
in microtubes occurs with bubble departure from wall
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cavities, which may be controlled by thermocapillary forces
acting on the bubble [20].

Thermocapillary heat transfer in a thin liquid film on a
horizontal stretching sheet was investigated analytically
with a similarity solution by Dandapat et al. [21]. Fluids
with a Prandtl number (Pr) between 0.001 and 100 were
considered. For Pr < 10, the film thickness and Nusselt
number increased. A maximum local velocity occurs within
the film, when the thermocapillary forces drag the liquid
film along the stretching sheet. As thermocapillary forces
diminish, the thermal boundary layer becomes confined
to the lower part of the liquid film.

The critical wave number depends on thermocapillary
forces in Marangoni instabilities of evaporating droplets
[22]. The boundary layer near the free surface of the drop-
let induces cellular motion because of the Marangoni insta-
bilities. When surface tension decreases with temperature,
the thermocapillary and diffuse-capillary effects augment
each other. In microchannels, thermocapillary forces pro-
vide a promising method of controlling fluid transport of
discrete droplets. But effectively optimizing the droplet
properties, heat input and wall properties requires detailed
understanding of heat transfer within the discrete droplet.
This article extends the previous companion paper to
develop a detailed heat transfer formulation of an acceler-
ating droplet in a closed microchannel. The following
assumptions are adopted in the heat transfer formulation:
(i) two-dimensional laminar flow in a rectangular micro-
channel, (ii) heat transfer without droplet evaporation,
breakup or deformation and (iii) negligible effects of elec-
tromagnetic fields and wall roughness.

2. Analytical formulation of heat transfer

Fig. 1 illustrates the problem schematic and a sample
mesh discretization in the compressed air region. Heat is
transferred to a droplet in a closed microchannel from an
external heat source, through a thermal bridge embedded
in a substrate. Thermocapillary forces on the droplet
induce fluid motion within the microchannel. When the
PL PRPC,L
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Fig. 1. Schematic of problem domain and mesh discretization for adaptive
grid.
droplet moves from left to right in Fig. 1, the air pressure
increases in the right section of the microchannel. After a
specified period, the heat source is turned off and the drop-
let moves back towards its initial equilibrium position. A
detailed analytical solution for this transient problem is
unavailable in the archival literature (to our knowledge).
Note that each of the four phase regions (left air region,
droplet, right air region and silicon substrate region) has
different thermophysical properties. Heat transfer occurs
within the liquid, solid and gas regions by coupled heat
conduction and thermal convection.

An approximate analytical model of droplet heat trans-
fer will be developed in this section. Convective cooling at
the interface between the substrate and its surroundings is
assumed small compared to axial conduction across the
domain, so the droplet/air regions will be approximated
by two adjacent quasi one-dimensional semi-infinite
regions. Also, the heater is assumed to span the entire
height of the microchannel in Fig. 1 and each semi-infinite
region has its own heat source at the interface. Then, each
region has the same interface temperature and the sum of
heat flows from each region balances the total supplied
heat flow from the thermal bridge. The interface tempera-
ture of either semi-infinite region, subject to a constant
interfacial (surface) heat flux, q00s , becomes

T ð0; tÞ ¼ T i þ
2q00s ðat=pÞ1=2

k
: ð1Þ

This equation can be written for both left and right sides of
the heater, yielding two separate temperatures that can be
subsequently equated at the interface to give the following
result:

q00s;L
ðaLÞ1=2

kL

¼ q00s;R
ðaRÞ1=2

kR

: ð2Þ

The sum of heat flows from each region balances the
total supplied heat flux from the thermal bridge,

q00s;R ¼ q00s � q00s;L: ð3Þ

Combining Eqs. (2) and (3),

q00s;L ¼
q00s ðaRÞ1=2

=kR

ðaLÞ1=2
=kL þ ðaRÞ1=2

=kR

: ð4Þ

This equation yields q00s;L after q00s is specified, then q00s;R can
be solved with Eq. (3). This approximate solution allows
heat conduction within the domain to be modeled as two
separate problems, with a temperature matching condition
at the interface. The previous analysis considered heat
transfer to the droplet from the thermal bridge during a
heating period, when the heat source is turned on. In order
to generate cyclic droplet motion with the droplet returning
back to its initial position, the heater must be turned off,
otherwise the droplet cannot return back against thermo-
capillary forces. Thus, a second portion of the approximate
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analytical model will be developed for the cooling period,
when the heater is turned off.

In the theoretical model, the semi-infinite approxima-
tion is used during the heating period when the droplet
moves from left to right, but not the subsequent cooling
period when the droplet returns back leftwards to its ini-
tial position. During this cooling period, a non-uniform
temperature distribution and unknown transient sur-
face temperature/heat flux make a semi-infinite assump-
tion unrealistic. The lumped capacitance approximation
neglects spatial temperature variations within the droplet,
but predicts temporal changes of the receding edge temper-
ature over time during the cooling period. This assumption
is assumed reasonable, due to the tiny thermal mass of the
microdroplet. Numerical simulations of the full Navier–
Stokes and energy equations within the droplet will be per-
formed to assess validity of the lumped capacitance
approximation. Using the lumped capacitance assumption
during cooling of the droplet [13],

T ¼ T 0 þ ðT i � T 0Þ exp � hAst
qVcp

� �
ð5Þ

which can be re-written as

t ¼ qVcp

hAs

ln
T i � T 0

T � T 0

� �
; ð6Þ

where Ti is the initial temperature in the cooling period and
As is the surface area exposed to the surroundings with a
heat transfer coefficient of h at a temperature of T0. The
heat transfer coefficient, h, was approximated from the
heating temperature profile of Eq. (1). The heating profile
was considered in reverse, as a cooling curve from the point
(Tc, tc) to (Ti, 0), where the subscript c refers to a critical
point when the droplet has been displaced by a specified
amount. This model is an approximation and additional
accuracy can be obtained through a numerical solution of
the coupled Navier–Stokes and energy equations (next
section).

3. Numerical formulation of heat transfer

In the previous companion paper of this two-paper set, a
finite volume method was developed to solve the Navier–
Stokes equations of fluid motion within the droplet. In this
section, the same finite volume method will be used, but
extended to analyze heat transfer in the droplet, air and
substrate regions. The governing energy equations in the
droplet and substrate are given by

o

ot
ðqcpT Þ þ o

ox
ðqcpuT Þ þ o

oy
ðqcpvT Þ

¼ o

ox
k
oT
ox

� �
þ o

oy
k
oT
oy

� �
ðdropletÞ; ð7Þ

o

ot
ðqcpT Þ ¼ o

ox
k
oT
ox

� �
þ o

oy
k
oT
oy

� �
ðsubstrateÞ; ð8Þ
where T in Eqs. (7) and (8) refers to the temperature in the
droplet and substrate, respectively. Spatial discretization of
the energy equation involves a finite volume mesh with
nodes at the center of each control volume (discussed in
previous companion paper).

The temperature field within the droplet depends on
heat flows from the surrounding air and substrate regions.
The interfacial condition of heat transfer at the phase inter-
face (between droplet, d, and air, a) is

k
oT
oxi

� �
d

¼ k
oT
oxi

� �
a

: ð9Þ

Eq. (5) cannot be readily applied as an interfacial condition
when using full width control volumes, so a zero width con-
trol volume was implemented for the interfacial flux calcu-
lations (see Fig. 2). The zero-width control volumes
(10�32 m thickness in the numerical code) were used along
all control volume edges at the droplet/air, droplet/sub-
strate and air/substrate interfaces. These control volumes
successfully enforce Eq. (9) without special modeling when
generating the temperature coefficient matrices. An energy
balance based on Eq. (9) is formulated for the P control
volume in Fig. 2 as follows:

kW

T P � T W

ðdxÞw
¼ kE

T E � T P

ðdxÞe
: ð10Þ

Although the temperature field within each region is solved
simultaneously with the same coefficient matrices, each



Table 1
Thermophysical properties and problem parameters

Property Value

Density of droplet 998 kg/m3

Thermal conductivity of droplet 0.606 W/m K
Specific heat of droplet 4181 J/kg K
Viscosity of droplet 595 � 10�6 N s/m2

Density of air 1.1614 kg/m3

Thermal conductivity of air 0.0623 W/m K
Specific heat of air 1007 J/kg K
Density of substrate 2500 kg/m3

Thermal conductivity of substrate 0.96 W/m K
Specific heat of substrate 837 J/kg K
Channel length 2 mm
Channel height 20, 200, 2000 nm
Channel depth 100 lm
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region receives slightly different treatment when generating
the coefficient matrices.

Heat transfer by conduction is predicted within the sub-
strate. Boundary conditions are applied along the left,
lower, and right boundaries of the substrate, while the
upper boundary is handled by an interfacial condition
analogous to Eq. (9) (note: subscript ‘‘a” is replaced by
‘‘s”, substrate). Also, another algorithm was developed to
search the domain and determine the control volumes
encompassing the lateral edges of the thermal bridge. All
control volumes completely contained within the thermal
bridge have the following special boundary condition. A
weighted average temperature is specified along the edge
of the control volumes that contain the edges of the ther-
mal bridge, i.e.,

T ¼ LB

LCV

� �
T B þ

LCV � LB

LCV

� �
T old

CV; ð11Þ

where LB is the length of the thermal bridge within the con-
trol volume, LCV is the length of the control volume and
T old

CV is the boundary temperature of the control volume
from the previous time step. An alternative approach with
Neumann conditions was also tested, whereby the heat flux
was scaled relative to the fraction of the control volume in
contact with the heat source, i.e.,

q00 ¼ LB

LCV

� �
q00spec; ð12Þ

where q00spec is a specified heat flux between the heat source
and the thermal bridge.

The temperature field for all four phase regions (droplet,
two air regions and the substrate) is predicted on a single
temperature mesh that is separate from the momentum
mesh used to predict fluid motion. The pressure nodal
points from the momentum mesh are located at the same
points as the nodal points from the temperature mesh.
The mesh within the substrate is horizontally aligned with
the three adjacent grids in the microchannel. After the
droplet moves within the microchannel, the temperature
mesh is regenerated. The droplet portion of the mesh trans-
lates and remains beneath the momentum mesh. The mesh
in the upstream air chamber is stretched to accommodate
the droplet translation, while simultaneously the grid in
the downstream air chamber is compressed. The substrate
mesh is distorted to maintain alignment with the control
volumes in the microchannel.

The predicted velocity field on the momentum grid,
minus the bulk droplet velocity, is used for the advection
terms in Eq. (7). Any air flowing out of a control volume
within a time step is ‘‘reclaimed” by the control volume,
when the mesh is re-generated and the control volume is
shifted. The convection terms of the energy equation were
not included for the air region because no air crosses the
edge of a control volume. The newly predicted temperature
fields for the droplet and air are located on the updated
temperature mesh and they require no adjustment when
the mesh is updated, because the fluids within these regions
move at the local bulk speed of their respective control vol-
umes. The substrate is a solid, so there is no internal fluid
flow and the temperature mesh within the substrate needs
to be updated with each time step.

Misalignment along the solid/fluid interface occurs if
mesh regeneration is not performed. In order to ensure grid
alignment between phases, the mesh within the substrate
must be updated after each time step, so it remains aligned
with the fluid grids. This requires that the temperature field
is updated on the new mesh after each time step. The tem-
perature field in most parts of the new substrate mesh is lin-
early interpolated from the old temperature field and nodal
point locations. Special attention is required near the ther-
mal bridge, where control volumes are composed of several
materials and they have composition changes with each
time step. The assumption of a constant heat flux through
these composite control volumes will be made to approxi-
mate the temperature profile between nodal points. The
substrate temperature, TN, corresponding to the new x-
location, xN, is

T N ¼ T L þ
X5

k¼1

lk

Lk

Rk

Rtot

ðT R � T LÞ
� �

; ð13Þ

where TL and TR represent the left and right nodal temper-
atures bounding TN. Also, l/L is the fraction of each com-
posite region ‘‘overtaken”, Rk is the thermal resistance of a
particular region and Rtot is the total thermal resistance be-
tween nodal points. In the next section, predicted results
from this numerical formulation will be presented.

4. Results and discussion

This section investigates heat transfer in the microchan-
nel problem corresponding to case (iii) of the previous com-
panion paper. Thus, the fluid and thermal aspects are
coupled, whereby the fluid flow results were examined in
Part I, while the focus in Part II is the heat transfer results.
Problem parameters and thermophysical properties of the
droplet, air and substrate are shown in Table 1. In Fig. 3,
analytical predictions of the droplet edge temperature
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are shown during a single cycle of the heating/cooling per-
iod. It can be observed that the droplet temperature
increases when its receding edge is heated, but then
decreases after the heat source is turned off during the
cooling period. The results in Fig. 3 indicate that the left
edge of the droplet reaches a higher peak temperature for
the smaller microchannel (H = 1 lm). This occurs due to
a longer heating period required for the smaller droplet to
reach a given displacement, as a result of increased internal
friction.

In Fig. 4, analytical predictions of the left droplet edge
temperature are compared against numerical predictions.
Both Neumann and Dirichlet conditions at the substrate
interface yield similar results during the heating period.
Close agreement between analytical and numerical predic-
tions is obtained at early stages of time. At early times, the
semi-infinite approximation of the analytical model is more
Fig. 4. Numerical (finite volume method) and analytical temperature
predictions.
realistic because thermal effects of the adjoining gas region
are not propagated upstream into the droplet. However,
this approximation becomes less accurate as time advances
and the droplet decelerates at the end of the heating period.
Higher discrepancy between analytical and numerical
results is observed during the cooling period after about
0.00039 s, due to inaccuracies in the lumped-capacitance
approximation that arise from variations in the heat trans-
fer coefficient and droplet temperature. Despite some dis-
crepancy, fair agreement with underlying trends between
the numerical and analytical models provides useful valida-
tion of both models, since they were developed indepen-
dently and still exhibit reasonably close agreement. Such
agreement is useful since relevant archived experimental
data is unavailable (to our knowledge) for other validation
purposes.

The heat transfer model in Section 2 predicted a 1-D
spatial variation of temperature in the droplet during the
heating period, but only a single bulk temperature in the
cooling period. In contrast, the numerical model (Section
3) predicts the 2-D transient change of temperature within
Fig. 5. Convective heat flux at the droplet/air interface.
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the droplet, including temperature changes driven by the
non-uniform interfacial pressure described in the previous
companion paper. Unlike past studies assuming a constant
interface pressure and temperature, Fig. 5 shows new
results confirming that the heat flux varies along the drop-
let/air interface, due to convective recirculation which
causes a temperature rise from the bottom to top edges
of the droplet interface. Fig. 5 illustrates that the heat
fluxes match each other on both sides of the interface (as
required).

The varying interfacial heat fluxes in Fig. 5 lead to vary-
ing temperatures along the advancing (Fig. 6a) and reced-
ing edges (Fig. 6b) of the droplet/air interface. In Fig. 6a,
the temperature rises upwards along the interface and
reaches a zero transverse gradient in the centerline, due
to symmetry of the temperature profile about the midplane
of the microchannel. In contrast, the temperature decreases
upwards at the receding edge of the droplet in Fig. 6b, due
to the convective recirculation cell described in the previous
companion paper. The droplet temperatures are illustrated
at a single node interior to the droplet/air interface. Fig. 6a
shows that droplet temperature exceeds the interface and
air temperatures, thereby confirming heat transfer from
the heated droplet to the upstream air region. It should
Fig. 6. Predicted temperatures near the (a) right and (b) left droplet/air
interface.
be noted that small temperature differences are predicted
along the vertical axes in Fig. 6a–b. Although these temper-
ature changes appear small, they are sufficiently different to
contribute to thermocapillary forces and droplet motion
within the microchannel.

When the compressed volume of the air section is
reduced, the pressure increases according to the ideal gas
law, i.e. P / 1/(950 � 10�6Dx). The droplet displacements,
Dx, considered in this article are small, relative to the gas
chamber length. As a result, a nearly linearly increasing
magnitude of the leftward (negative) force is generated
on the micro-droplet. In Fig. 7, the horizontal axis refers
to the displacement of the interface into the compressed
gas section of the microchannel. The force is the gas pres-
sure multiplied by the interfacial area of the micro-droplet.
It can be observed that the magnitude of this force
increases with larger microchannels, as the pressure differ-
ence caused by a specified displacement represents a larger
area when the height of the microchannel increases. Nega-
tive values are shown in Fig. 7, since the pressure force acts
leftwards against the direction of droplet motion. In Fig. 7,
fairly close agreement between analytical and numerical
predictions (FVM; finite volume method) is illustrated for
the 2 lm channel in both heating and cooling periods.
These comparisons provide useful validation of the numer-
ical model.

Additional sensitivity studies with the analytical model
are illustrated in Fig. 8 for the net force on the moving
droplet. The predicted thermocapillary, friction and exter-
nal air forces are illustrated during a heating/cooling cycle
for a 0.5-lm channel (Fig. 8a) and 2-lm channel (Fig. 8b).
Larger forces are observed in Fig. 8a (smaller channel
height), since larger temperature rises and thermocapillary
forces occur when the same heat input is transferred to a
smaller droplet. In Fig. 8, a rising droplet temperature pro-
duces a higher thermocapillary force, while an opposite
trend occurs with a decreasing temperature during the
cooling period. A higher thermocapillary force generates
a larger pressure gradient and fluid friction. Thus, friction
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forces have a similar trend as thermocapillary forces (see
Fig. 7), except that the direction is opposite to the droplet
motion. During both heating and cooling periods, the gas
force is directed leftwards on the moving droplet, so its
magnitude remains negative. The magnitude of the friction
force changes signs, when the direction of droplet motion
reverses. At the end of the cooling period, the direction
of droplet movement reverses and the air volume begins
expanding, so the magnitude of the external air force
diminishes.

The net force on the micro-droplet (including thermo-
capillary, opposing gas pressure and frictional forces) is
shown in Fig. 9. A large positive force is observed initially,
due to the rapidly increasing thermocapillary force. Fric-
tional resistance and opposing gas pressure forces are small
before the droplet accelerates appreciably. The net force
decreases with time, as the thermocapillary force is offset
by rising frictional resistance when the droplet accelerates.
After the heat source is removed, the thermocapillary force
decreases quickly. As a result, the net force becomes nega-
tive and the droplet direction reverses. The external force
decreases as the gas sections approach their initial condi-
tions, so the magnitude of the net force decreases. These
trends at varying microchannel sizes are illustrated in
Fig. 9. The peak maximum negative force is delayed for
smaller microchannels because higher internal frictional
resistance reduces the droplet acceleration, thereby increas-
ing the time required for the droplet to be displaced a spec-
ified amount and triggering the cooling period.

Close agreement between analytical and numerical pre-
dictions of droplet displacement in Fig. 10 provides further
useful validation of the numerical model. The droplet
motion has been generated by a stationary heat source in
Fig. 1. Unlike past studies with a moving heat source at
the receding edge of the droplet, the current study has
shown that thermocapillary pumping can be sustained with
a stationary heat source. But cycling of this heat source is
needed for continuous operation of the micro-device.
Otherwise, the micro-droplet would eventually become sta-
tionary at a new equilibrium position.
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5. Conclusions

This article concludes a two-paper set of companion
papers, which focus on interfacial dynamics of an acceler-
ating droplet in a closed microchannel. Both analytical
and numerical formulations of heat transfer have been
developed in this article. The temperature field within the
droplet depends on heat exchange with the surrounding
substrate and air regions. The 2-D transient energy equa-
tions are solved in the silicon substrate, thermal bridge
and air regions. A thin air gap was placed between the ther-
mal bridge and adjoining substrate, in order to reduce lat-
eral heat losses through the thermal bridge. Numerical
results have shown that a non-uniform interface pressure
leads to spatial variations of temperature along the drop-
let/air interface. These results provide useful new insight
for thermocapillary pumping of droplets in microchannels.
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